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Abstract
In this paper we will analyse quantum field theory on de Sitter space-
time. We will analyse a general scalar and vector field theory on de Sitter
spacetime. This is done by first calculating these propagators on four-
Sphere and then analytically continuing it to de Sitter spacetime.
1 Introduction
Gauge theory is one of the most fundamental theories of nature [1]-[13]. To
quantize a gauge theory we need to fix the gauge gauge degrees of freedom
[14]-[23]. Gauge theory can also be studied in curved spacetime [25]-[73]. De
Sitter spacetime has a positive cosmological constant that sets the rate of ex-
pansion. The cosmological constant λ is related to Hubble’s constant H of
de Sitter spacetime as follows: λ = 3H2. Hubble’s constant is the inverse
of the radius of de Sitter spacetime. So de Sitter spacetime is an expanding
or contracting three-spheres with the radius R, which is given by R = 1
H
.
Thus de Sitter spacetime can be viewed as a hyper-surface in five dimensional
Minkowski spacetime. If the coordinates in the five dimensional Minkowski
spacetime are X,Y, Z,W, T and the metric is given by ds2 = −dT 2 + dW 2 +
dX2+dY 2+dZ2, then de Sitter is the hyper-surface determined by the following
equation X2 + Y 2 + Z2 +W 2 − T 2 = R2. Now the metric in de Sitter space-
time can be obtained by substituting the following in the Minkowski metric
[74]-[77]. T = R sinh t,W = R cosh t cosχ,X = R cosh t sinχ sin θ cosφ, Y =
R cosh t sinχ sin θ sinφ, Z = R cosh t sinχ cos θ. Thus the metric in de Sitter
spacetime is as follows:
ds2 = R2[−dt2 + cosh2 tds23]
1
=
1
H2
[−dt2 + cosh2 tds23]. (1)
Here ds23 is the metric on three-sphere. If we Euclideanize, we get the metric
four-sphere as follows:
ds24 =
1
H2
[dΦ2 + sinΦ2ds23], (2)
where Φ is given by Φ = pi
2
− it. We can also introduce a new variable τ given
by tan τ = sinh t. Then the metric will be given by
ds2 =
1
H2 cos2 τ
[−dτ2 + ds23]. (3)
where we have T = R tan τ,W = R sec τ cosχ,X = R sec τ sinχ sin θ cosφ, Y =
R sec τ sinχ sin θ sinφ, Z = R sec τ sinχ cos θ. We could also write the de Sitter
metric as follows:
ds2 = −dt2 + exp(2Ht)(dx2 + dy2 + dz2). (4)
where t = R log(W + T ), x = R X
W+T
, y = R Y
W+T
, z = R Z
W+T
.
It may be noted that the dimming of distant SN Ia apparent luminosity has
been mostly ascribed to the influence of dark energy [78]-[79]. This has shown
that our universe may approach de Sitter spacetime asymptotically. In fact, the
influences of inhomogeneities can lead to a departure of the observed universe
from an Einstein-de Sitter model [80]. It has also been demonstrated that all
the vacuum solutions of Einstein field equation with a positive cosmological con-
stant are models for de Sitter spacetime [81]. The effects of noncommutativity
of spacetime geometry on the thermodynamical properties of the de Sitter hori-
zon has also been studied [82]. The noncommutativity of spacetime resulted in
a modifications of the temperature, entropy and vacuum energy of the de Sitter
spacetime. These modifications were of the order of the Planck scale. Thus, it
was suggested that the size of the noncommutative parameter should be close
to that of the Planck. It may be noted that the Weinberg-Salam model can
be interpreted in terms of a gravity theory with the modulus of Higgs field as
dilaton and the de Sitter space as the ground state [83]. The gauge symmetry
breaking in the Weinberg-Salam model can be implemented by a change of vari-
ables and without any explicit gauge fixing. This change of variables can entails
the concept of supercurrent which has been widely employed in the study of su-
perconductivity. In fact, it also introduces a separation between the isospin and
the hypercharge, suggesting that the new variables describe a strongly coupled
regime of the electroweak theory. Thus, the description of various embedded
topological defects in terms of these variables have been also studied. The de
Sitter vacua have also been studied in supergravity and Calabi-Yau string mod-
els [84]. In fact, a general analysis on the possibility of obtaining metastable
vacua with spontaneously broken supersymmetry and non-negative cosmological
constant in the moduli sector of string models has also been performed. The con-
dition under which the scalar partners of the Goldstino are non-tachyonic, which
depends only on the Kahler potential have thus been studied. This condition has
been found to be necessary and sufficient, in the sense that all of the other scalar
fields can be given arbitrarily large positive square masses if the superpotential
is suitably tuned. Both heterotic and orientifold string compactifications in the
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large-volume limit and show that the no-scale property shared by these models
severely restricts the allowed values for the sGoldstino masses in the superpo-
tential parameter space. Thus, a positive mass term has been achieved only for
certain types of compactifications and specific Goldstino directions. It may also
be noted that the presence of a horizon in de Sitter space may be considered in
conflict with the idea that a horizon emits Hawking radiation in an underlaying
decaying process. The same discussion for negative cosmological constants is
solved by the presence, or not, of Killing spinors because of their connection
with the definition of a BPS state [85]. For a positive cosmological constant
such a connection can not be established, although Killing spinors indeed exist,
because the de Sitter group does not have a supersymmetric extension. There-
fore, in order to understand the role of the de Sitter as a ground state, the
thermodynamics of black holes with positive cosmological constant is studdied
[86]. It may also be noted that quantum field theories on de Sitter spacetime
with global gauge symmetry have been deformed using the joint action of the
internal symmetry group and a one-parameter group of boosts [87]. The result-
ing theory turned out to be wedge-local and non-isomorphic to the initial one
for a class of theories, including the free charged Dirac field. The properties of
deformed models coming from inclusions of CAR-algebras were thus analysed.
So, it turns out that the quantum field theory on de Sitter spacetime is an im-
portant subject. It may also be noted that de Sitter spacetime can be obtained
from an analytical continuation of a four sphere. Thus, quantum field theory
can be obtained by first solving an equation using spherical harmonics and then
analytical continuation of the solution thus obtained. This is what will be done
in this paper. Thus, we will first solve the scalar and vector field equations on
four sphere and then analytically continue the solution to de Sitter spacetime.
2 Formalism
In this section, we will write the expression for the Riemann curvature, Ricci
tensor and scalar curvature in de Sitter spacetime. In de Sitter spacetime the
Riemann curvature Rabcd is given by [74]-[77],
Rabcd = H
2[δac gbd − δadgbc]. (5)
Then it is straight forward to calculate Rbc and it is given by
Rab = R
c
acb = 3H
2gab. (6)
Thus the scalar curvature R is given by
R = gabRab = 12H
2. (7)
This concludes our discussion of de Sitter spacetime.
Let x and x′ be two spacelike separated points and let µ(x, x′) be the geodesic
distance between them. One defines a new variable z on S4 such that [88]-[91]
z = cos2
(µ
2
)
. (8)
One also defines the unit tangent vectors na at x and na′ at x
′ along the geodesic
between these two points as follows:
na = ∇aµ(x, x′) (9)
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and
na′ = ∇a′µ(x, x′). (10)
In addition one defines a parallel propagator gaa′ such that if A
a is a vector at
x, then Aa
′
is the vector at x′ obtained by parallelly transporting Aa along the
geodesic.
Aa
′
= ga
′
a A
a. (11)
Now as the unit tangents at x and x′ point away from each other we have
gaa′na = −na′ . (12)
One also writes the metric at x and x′ as gab and ga′b′ respectively. Now any
maximally symmetric bi-tensor can be expressed as a linear combination of gab,
ga′b′ , na, na′ and gab′ with the coefficient of each term depending only on z. For
example a bi-vector Qab′ may be expressed as
Qab′ = α(z)gab′ + β(z)nanb′ . (13)
The associated Legendre function P−µν (x) is given by [92]-[93]
P−µν (x) =
1
Γ(1 + µ)
(
1− x
1 + x
)µ
2
F (−ν, ν + 1, µ+ 1, 1− x
2
), (14)
where Γ(1+µ) is the Gamma function. Furthermore, the hypergeometric func-
tion F (ν, ν + 1, µ+ 1, 1−x
2
) is the hypergeometric function The hypergeometric
function F (a, b, c, x) can be written as
F (a, b, c, x) = 1 +
ab
c
x+
a(a+ 1)b(b+ 1)
2!c(c+ 1)
x2 + · · · . (15)
We also need to define operators that will lower or raise ν. The raising operator
is defined to be(
(1− x2) d
dx
− (ν + 1)x
)
P−µν (x) = −(ν + µ+ 1)P−µν+1(x). (16)
and the lowering operator is defined to be(
(1− x2) d
dx
+ νx
)
P−µν (x) = (ν − µ)P−µν−1(x). (17)
We now define Dm as,
Dm =
d
dχ
+m cotχ. (18)
Now we have [
d
dχ
+m cotχ
]
(sinχ)nf(χ) =
sinn χ
[
d
dχ
+ (m+ n) cotχ
]
f(χ), (19)
and so we can write
Dm sin
n χf(χ) = sinn χDm+nf(χ). (20)
So, finally we have
− sinχDn =
[
(1− cosχ2) d
d cosχ
− n cosχ
]
. (21)
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3 Scalar Field Theory on de Sitter Spacetime
Now we will give a method for constructing scalar spherical harmonics on Sn
from scalar spherical harmonics on Sn−1 [94]-[101]. Using this construction, we
will construct scalar spherical harmonics on S4. We first start with the metric
on Sn, which is given by
ds2 = dχ2 + sinχ2dsn−1, (22)
where the metric on Sn−1 is dsn−1. Now let m = (2− n)/2 and also let nP lL be
defined as
nP lL(χ) = cn(sinχ)
mP−l+mL−m (cosχ), (23)
where cn is a normalization constant. It is given by
cn =
[
(2L+ n− 1)(L+ l + n− 2)!
2(L+ l)!
] 1
2
. (24)
The scalar spherical harmonics on Sn can be defined as
YLlp...m(χ, θ, φ · · ·) = nP lL(χ)Ylp...m(θ, φ · · ·), (25)
where Ylpq....m are the n dimensional scalar spherical harmonics and Ypq....m
are the n − 1 dimensional scalar spherical harmonics. Now we define the LB
operator in n dimensions as −∇2n = −∇a∇a, where (a = 1, 2....n). This LB
operator ∇2n−r in n− r dimensions can also be defined to be the operator which
satisfies, [94]-[101]
−∇2n−rYlpq...m = l′(l′ + n− r − 1)Ylpq...m, (26)
where l′ is the index which comes in when we construct n − r dimensional
spherical harmonics. Both these definitions are consistent with one another.
Using this method, n dimensional spherical harmonics can be constructed from
spherical harmonics on S1.
Now Ym is defined to be the spherical harmonics on S
1. It is given by
1√
2π
exp(imφ). (27)
Similarly, the spherical harmonics on S2 is defined to be Ypm. It is given by
Ypm = c2
2Pmp Ym. (28)
Furthermore, Ylpm is defined to be the spherical harmonics on S
3. It is given
by
Ylpm = c3
3P pl Ypm. (29)
Finally, YLlpm is defined to be the spherical harmonics on S
4. It is given by
YLlpm = c4
4P lLYlpm. (30)
The four dimensional LB operator ∇24 is defined to be be an operator that
acts on YLlpm and has L(L+ 3) as its eigenvalue,
−∇24YLlpm = L(L+ 3)YLlpm. (31)
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The three dimensional LB operator ∇23 is defined to be be an operator that acts
on YLlpm and has l(l+ 2) as its eigenvalue,
−∇23YLlpm = l(l+ 2)YLlpm. (32)
The two dimensional LB operator ∇22 is defined to be be an operator that acts
on YLlpm and has p(p+ 1) as its eigenvalue,
−∇22YLlpm = p(p+ 1)YLlpm. (33)
The one dimensional LB operator ∇21 is defined as
∇21 =
∂2
∂φ2
. (34)
When it acts on YLlpm, the eigenvalue is m
2,
−∇21YLlpm = m2YLlpm. (35)
Furthermore, these spherical harmonics are normalized as,∫
d4x
√
gYLlpmY
∗
L′l′p′m′ = δLL′δll′δpp′δmm′ , (36)
where g is the metric on S4.
As we will only be dealing with the theory in four dimensions, we will write
the LB operator on four dimensions as −∇24 as −∇2. So, we can write
[∇2 + L(L+ 3)]YLlpm = 0. (37)
Now, we start with a free massive scalar field equation on de Sitter spacetime,
[∇2 −m2]G(z) = 0. (38)
Thus after analytical continuation from S4 to de Sitter, we have
L(L+ 3) +m2 = 0. (39)
Thus we get
L = a± = −
3
2
±
√
9
4
−m2 (40)
Using this the scalar field equation takes the form,[
z(1− z) d
2
dz2
+ [2− z(a+ − a− − 1)] d
dz
− a+a−
]
G(z) = 0. (41)
where we define a+ and a− as follows:
a+ =
3
2
+
√
9
4
−m2, (42)
a− =
3
2
−
√
9
4
−m2. (43)
The propagator for the massive free scalar field is given by
G(z) =
1
16π2
Γ(a+)Γ(a−)F (a+, a−, 2, z). (44)
Here F (a+, a−, 2, z) is the Gauss hypergeometric function. The normalization
constant is fixed by analyzing the short distance behaviour of the two-point
function, which should resemble flat spacetime case.
6
4 Vector Field Theory on de Sitter Spacetime
Now we can define vector harmonics on Sn as Let ALlp···a [94]-[101]. The LB
operator be also defined to be an operator which acts on vector harmonics as
follows,
−∇2nALlp···a = [L(L+ n− 1)− 1]ALlp···a . (45)
Now for four dimensional vector spherical harmonics on S4, the action of LB
operator will be given by
−∇2AaLlpm = [L(L+ 3)− 1]AaLlpm, (46)
here again we denote −∇24 as −∇2. Furthermore, the divergence of vector
spherical harmonics vanishes. Now we can write
∇aAaLlpm = 0. (47)
There are two kinds of solutions that these equations satisfy. They will be
represented by AmLlpm, where m = 1, 2. So, we can write the vector spherical
harmonics on S4 as
A1χ = 0, (48)
A1i = n1PL+1Yi, (49)
A0χ = n2(sinχ)
−2PL+1Y, (50)
A0i = n2
1
ℓ0ℓ2
D1PL+1∇iY. (51)
here n1 and n2 are normalization constants. They satisfy∫
d4x
√
ggabALaA
∗L′
b = δLL′ . (52)
The massive vector field equation of motion on de Sitter spacetime is given
by
∇b(∇bAa −∇aAb)−m2Aa = 0. (53)
This can be written as
(∇2 − 3−m2)Aa = 0. (54)
Thus after analytical continuation from S4 to de Sitter, we have
L(L+ 3)−m2 − 4 = 0. (55)
Thus we get
L = b± = −3
2
±
√
24
4
−m2, (56)
Here the solution to this equation is of the following form
Qab′(z) = α
V (z)gab′ + β
V (z)nanb′ , (57)
where
αV (z) =
[−2z(1− z)
3
d
dz
+ 2z − 1
]
γ(z) (58)
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and
βV (z) = αV (z)− γ(z). (59)
γ is given by
[
z(1− z) d
2
dz2
+ [2− z(b+ − b− − 1)] d
dz
− b+b−
]
γ(z) = 0. (60)
Here
b+ = −3
2
+
√
24
4
−m2, (61)
and
b− = −3
2
−
√
24
4
−m2. (62)
Now γ(z) will given by
γ(z) =
−3Γ(b+)Γ(b−)
64π2m2
F (b+, b−, 3, z). (63)
5 Conclusion
In this paper we analysed quantum field theory on de Sitter spacetime. We
quantized a vector and a scalar field theory on de Sitter spacetime. It may
be noted that this formalism can be applied to anti-de Sitter spacetime. We
can also try to apply this formalism to gravity. In fact, recently higher spin
fields have become very important. It might be possible to apply this formalism
to higher spin field too. It may be interesting to use the techniques of this
paper to study massless vector fields. However, massless vector fields have a
gauge symmetry associated with them. They can thus not be directly quantized
without fixing a gauge. Thus, we need to fix a gauge. This can be done at a
quantum level by adding a gauge fixing term and a ghost term to the original
classical action. This can be done first on four sphere and then the results can
be continued to de Sitter spacetime. It may be noted that we might get infrared
divergences if we try to calculate these ghosts. However, as the ghosts do not
couple to the vector fields for abelian gauge theories, we need not worry about
these divergences. They will not influence the final results of calculations and
the S-matrix can be calculated using the above mentioned method.
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